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Abstract
In this work is proven the existence of non-Cayley vertex-transitive tournaments of order pk , for each prime p3 and k4,
and an explicit construction is given. These tournaments are special cases of (pk−1, p)-metacirculant digraphs, and have the
same automorphism group as the ﬁrst non-Cayley vertex-transitive digraphs of order pk , given by Marušicˇ in 1985. Moreover,
from these tournaments, new non-Cayley vertex-transitive tournaments that realise many more degrees are constructed.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper, we are concerned with directed graphs, called digraphs for short, ﬁnite, simple (no loops, no multiple
arcs) and connected (for any pair of vertices x and y there is a directed path from x to y).
For a digraph , let Aut denote the group of automorphisms of . The group Aut acts on the set of vertices of  in a
natural way. If these action is transitive we say that  is vertex-transitive.
An important class of vertex-transitive digraphs is the Cayley digraphs which are deﬁned in the following manner. Let G be a
ﬁnite group and S ⊂ G a generating set ofGwith 1 /∈ S. The Cayley digraph ofG deﬁned by S, Cay(G, S), has the elements ofG
as vertices and there is an arc [x, sx] for each x ∈ G and each s ∈ S. Note that Cayley digraphs are connected by deﬁnition. For
any g ∈ G the right multiplication x → xg is an automorphism of Cay(G, S), implying that Aut Cay(G, S) contains a regular
subgroup isomorphic to G. In [6] it is shown that the converse is also true for graphs. Its proof for digraphs is essentially the
same. That is, if the automorphism group of a connected digraph  contains a regular subgroup G, then  is isomorphic to the
Cayley digraph of G deﬁned by some generating set S ⊂ G.
It is well-known that not every vertex-transitive digraph is a Cayley digraph. Sabidussi has characterized vertex-transitive
graphs in a way which shows their close relationship to Cayley graphs. However, it is usually not easy to compute whether given
vertex-transitive digraphs are Cayley digraphs.
In [5], Marušicˇ investigates Cayley properties of vertex-transitive digraphs of prime power order. In particular, he proves that a
vertex-transitive digraph of order pk , where k3 is necessarily a Cayley digraph. He also shows that this result does not extend
to all prime powers by constructing a non-Cayley vertex-transitive digraph of order pk for each k4. These ‘counterexamples’
are special cases of (pk−1, p)-metacirculant digraphs.
In this paper, we shall give a construction of an inﬁnite family on non-Cayley vertex-transitive digraphs of order pk for each
k4 and p = 2, but in an important family of digraphs, that is the tournaments (see Theorem 9). A tournament is an orientation
of a complete graph, i.e. a digraph such that between every two vertices there is exactly one arc.
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In particular, this gives the ﬁrst examples of vertex-transitive tournaments that are not Cayley and prove their existence for
every prime power pk , where p = 2 and k4. It is not difﬁcult to see that vertex-transitive tournaments of even order cannot
exist (see [2], Proposition 1.2), so in this sense, our result is best possible.
The tournaments constructed are special cases of (pk−1, p)-metacirculant digraphs as well, and we will construct them from
the automorphism group of the non-Cayley digraphs of Marušicˇ.
Moreover, we can construct new inﬁnite families of non-Cayley vertex-transitive tournaments from the previous ones, and
these new tournaments have order the product of certain prime powers (see Theorem 14). This construction consists of composing
a Paley tournament of the appropriate order and a non-Cayley vertex-transitive tournament.
The paper is organized as follows. Notation, deﬁnitions and well-known results of digraphs are given in Section 2. Readers
may wish to skim this section and return to it to clarify the statements in ensuing sections. In Section 3 is given the deﬁnition
of metacirculant digraph and the construction of Marušicˇ of non-Cayley vertex-transitive digraphs of prime order. In Section 4,
the construction of vertex-transitive tournaments of prime order that are not Cayley is given. Section 5 concludes the paper with
a new construction of non-Cayley vertex-transitive tournaments from the ones in Section 4.
2. Terminology
A digraph or directed graph = (V ,A) consists of a non-empty set V = V () of vertices and a subset A=A() of ordered
pairs from V , called arcs. If [u, v] ∈ A is an arc from u to v we say that u is adjacent to v and also that v is adjacent from u. The
sets of vertices adjacent to and from a vertex v are denoted by −(v) and +(v), respectively. A digraph is regular of degree r
or r-regular when each vertex is adjacent to and from exactly r vertices.
A digraph ′ = (V ′, A′) is a spanning subdigraph of = (V ,A) if V ′ = V and A ⊆ A′.
Let SV be the symmetric group on V . An automorphism of a digraph  = (V ,A) is an element  ∈ SV such that for all
u, v ∈ V , the ordered pair [u, v] ∈ A if and only if [u, v] = [u, v] ∈ A. The automorphism group of , written Aut, is the
set of all automorphisms of  and it forms a group, with the operation of composition. We say that a digraph is vertex-transitive
if Aut acts transitively on V .
The line digraph L = (VL, AL) of a digraph  = (V ,A) has the arcs of  as vertices and [[u, v], [w, x]] is an arc in L
whenever v=w. Heuchenne’s characterization of line digraphs states that a regular digraph = (V ,A) is a line digraph of some
digraph (eventually with multiple arcs) if and only if {+(u)| u ∈ V } is a partition of the vertex set V (see [4] for the proof or
more details of line digraphs).
Let 1 = (V1, A1) and 2 = (V2, A2) be digraphs. The lexicographic product or composition of 1 and 2 is a digraph
= (V ,A), denoted by = 1[2], that has vertex set V = V1 × V2 and arc set
A=
{
[(u1, u2), (v1, v2)]
∣∣∣∣ [u1, v1] ∈ A1 oru1 = v1 and [u2, v2] ∈ A2
}
.
We write permutations on the right, and compose from left to right: that is, the image of u under the permutation  is u, and
the composition of  and  is  (so that u = (u)).
For further graph- and group-theoretic concepts we refer the reader to [7,3].
3. Non-Cayley vertex-transitive digraphs of order pk
In [5] Marušicˇ constructs a non-Cayley vertex-transitive digraph of order pk for each k4. These examples of non-Cayley
digraphs are examples of metacirculant digraphs. Metacirculant digraphs were deﬁned by Alspach and Parsons in [1] and they
are deﬁned as follows.
Let Zm and Zn be the rings of integers modulom and n, respectively, wherem1 and n2. Let Z∗n denote the group of units
of the ring Zn. Let  ∈ Z∗n and S0, S1, . . . , Sm−1 subsets of Zn satisfying the following conditions:
(1) 0 /∈ S0,
(2) mSr = Sr for 0rm− 1.
We deﬁne the metacirculant digraph =G(m, n, , S0, . . . , Sm−1) to be the digraph with vertex set V given by
V = {vij |i ∈ Zm, j ∈ Zn},
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where superscripts and subscripts are always reduced modulo m and modulo n, respectively, and with arc set A given by
A= {[vij , vi+rh ]|r ∈ Zm, h ∈ j + iSr }.
It is straightforward to check that  is a well-deﬁned digraph. We shall say that  is an (m, n)-metacirculant digraph.
Let us deﬁne two permutations  and  onV by (vi
j
)=vi
j+1 and (vij )=vi+1j . Let a be the order of  inZ∗n and b= lcm(a,m).
It is easy to see that  and  are automorphisms of  of order n and b, respectively. Furthermore,  and  generate a transitive
subgroup 〈, 〉 of the automorphism group of , denoted by Aut, so  is a vertex-transitive digraph.
Furthermore, the following characterization for metacirculant digraphs holds. It appears in [1] for graphs, but the authors note
that the analogous result for digraphs holds as well.
Theorem 1 (Alspach andParsons [1]). Themetacirculant=G(m, n, , S0, . . . , Sm−1) is vertex-transitivewith 〈, 〉Aut.
Conversely, any digraph ′ with vertex set V and 〈, 〉Aut′ is an (m, n)-metacirculant.
Let us deﬁne in the next proposition the vertex-transitive digraphs in [5] that are not Cayley. They are metacirculant digraphs,
and a proof of not being Cayley is included for the beneﬁt of the reader. The original proof is stated only for graphs, but again
the author remarks that it holds for digraphs as well.
Proposition 2 (Marušicˇ [5], Proposition 3.5). Let p be a prime, k3, and  ∈ Z∗
pk
of order p2. Let S0 be the set of elements
of the group 〈p〉 and S1 = {0}. Let Si = ∅ for 2 ip − 1 when p = 2.
Then, the metacirculant digraph G(pk, p, )=G(pk, p, S0, S1, . . . , Sp−1) is not a Cayley digraph.
Proof. Let =G(pk, p, ). Let  and  be the permutations on V deﬁned by (vi
j
) = vi
j+1 and (vij ) = vi+1j for i ∈ Zp and
j ∈ Zpk . Now ,  ∈ Aut and they have order pk and p2, respectively. Furthermore, −1=  and the group G= 〈, 〉 is
transitive of order pk+2 and has blocks of imprimitivity V i for i ∈ Zp .
Let us call an arc of  an inner arc if both vertices belong to the same V i and a spoke otherwise. It is not hard to see that G,
acting on A, has two orbits including all the inner arcs and the spokes of , respectively.
Let v ∈ V . Then the restriction G+(v)v of the stabilizer Gv on +(v) has two orbits of lengths 1 and p. In other words,
if [v,w] is a spoke, then w is an orbit of Gv . Let  be the Sylow p-subgroup of Aut containing G. Since  is a p-group it
follows that {w} is also an orbit of , implying that no inner arc from v can be mapped onto a spoke from v by an element of
. Hence it follows that  does not act transitively on A and so, V i are blocks of imprimitivity of  as well of any transitive
subgroup of . It is then easy to see that Aut has no regular subgroup, because no transitive subgroup is semiregular. Hence
 is not Cayley. 
4. Non-Cayley vertex-transitive tournaments of order pk
In this section, we give a construction for a non-Cayley vertex-transitive tournament of order pk+1 for each k3 and p = 2
prime.
Let  ∈ Z∗
pk
of order p2 and  = G(pk, p, ) be the corresponding metacirculant digraph in Proposition 2. Let  be the
Sylow p-subgroup of Aut containing  and .
The idea of the construction consists of working out a tournament T (pk, p, ) with exactly the same vertex set V as , and
whose full automorphism group is the Sylow p-subgroup . We have seen in the proof of Proposition 2 that  has no regular
subgroups, hence T (pk, p, ) will be not Cayley.
In particular, since ,  ∈ Aut T (pk, p, ), the tournament T (pk, p, ) will be a (pk, p)-metacirculant.
Moreover, we will construct T (pk, p, ) in such a way that  will be a spanning subdigraph of T (pk, p, ), that is, such that
the arc set of  will be contained in the arc set of T (pk, p, ).
First of all, let us show that the spanning subdigraph ′ of  with arc set consisting of all the inner arcs of , is a line digraph.
Proposition 3. Let S0 be the set of elements of the group 〈p〉 and Si = ∅ for 1 ip − 1.
Then, the metacirculant digraph ′ =G(pk, p, S0, S1, . . . , Sp−1) is a line digraph.
Proof. LetH = {spk−1|0sp− 1}. We claim that S0 = 1+H . Note that p is an element of order p in Zpk and S0 consists
of p elements of order p in Zpk . But there are only p elements of order p in Zpk . Thus, S0 contains all elements of Zpk of
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order p and in particular S0 is independent of the choice of . It is easy to verify that the elements 1 + spk−1 of Zpk , for
0sp − 1, are of order p and all different.
Now, let v = vi
j
∈ V , then
′+(vij )= {vih|h ∈ j + iS0} = {vih|h ∈ j + i + iH }.
Thus, {′+(v)|v ∈ V i} is a partition of V i into sets of cardinality p and hence ′ is a line digraph. 
Now, let us describe better the subdigraph ′ with arc set all the inner arcs of .
First of all, let h ∈ H , and let us show that ih= hmodpk , for 0 ip2 − 1. Recall that  is an element of Zpk of order p2
and that p ∈ 1+H . Hence modpk−1 is an element of order p and it can be written as = 1+ spk−2 modpk−1. Thus, for
any  power, ih= hmodpk .
Suppose now that [vi
j
, vi
k
] is an arc of . Then
k ∈ j + iS0 = j + i (1+H)= j + i +H.
That is, +(vi
j
) ∩ V i = vi
j+i+H . By the proposition above, the spanning sub-digraph 
′ is a line digraph. In particular, this
implies that if +(vi
j
) ∩ +(vi
l
) ∩ V i = ∅ then +(vi
j
) ∩ V i = +(vi
l
) ∩ V i . Thus, all vertices of vi
j+H are adjacent to all
vertices vi
j+i+H .
In fact, the subdigraph Bi with vertex set V i and arc set all the inner arcs between vertices of V i , is a complete generalized
cycle. In other words, its vertex set V i admits a partition {vi
si+H |s ∈ Zpk−1} such that Bi+(visi+H )= vi(s+1)i+H .
Furthermore, the following Proposition holds for such partitions.
Proposition 4. Let  be the Sylow p-subgroup of Aut containing  and . Let H = {spk−1|0sp − 1}.
Then, the set
{vij+H |i ∈ Zp, j ∈ Zpk−1}
is a partition of V into blocks of imprimitivity of .
Proof. Let us consider the restriction 
+(v00)
v00
of the stabilizer 
v00
on +(v00). It has two orbits, one of length p that is
+(v00) ∩ V 0 = v01+H and {v10}. Moreover, since +(v0H ) ∩ V 0 = v01+H , it follows that v0H is also setwise ﬁxed by v00 .
Moreover, let us see that v0
H
is pointwise ﬁxed by 
v00
. Note that v00 ∈ v0H and it is ﬁxed by v00 . There are p − 1 more
vertices in v0
H
different from v00. Since  is a p-group, every element of v
0
H
must be ﬁxed by 
v00
.
Now we have that {v10} is an orbit of 
+(v00)
v00
and v10 ∈ v1H . It is then easy to see by the same argument that v1H is pointwise
ﬁxed by 
v00
. Similarly for the spoke arc [v10, v20] from v10, it follows that v2H is pointwise ﬁxed by v00 .
At this step, we have that all vertices in vi
H
for i ∈ Zp are ﬁxed byv00 . Furthermore, since 
+(vi
H
)∩V i =vi
i+H , it follows
that vi
i+H is an orbit of v00 . And similarly, all the sets v
i
si+H for 2sp
k−1 − 1 are orbits of 
v00
.
To conclude the proof, let G = 〈, 〉. Since G is transitive on V , then  =
v00
G. From the discussion above, the partition
{vi
j+H |i ∈ Zp, j ∈ Zpk−1} is a partition into blocks of imprimitivity of v00 , and similarly is easy to see that is a partition into
blocks of imprimitivity of G as well. Therefore, it is a partition into blocks of imprimitivity of . 
Note that  acts on V × V in a natural way, where the image of [v,w] ∈ V × V under a permutation g ∈  is deﬁned by
[vg,wg]. Let us denoted by [v,w] the orbit of  on V × V .
Proposition 5. Let us consider the following relation on V . A vertex vrs is related to vij (and write vrs ∼ vij ) if [vij , v00 ] ∈
[v00 , vrs ].
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Then,
• vi
h
∼ v−i−h for i ∈ Zp and h ∈ H .
• vi
r+H ∼ v−i−−i r+H for i ∈ Zp and r ∈ Zpk−1\{0}.
Proof. Clearly, the vertex vi
h
is related to v−i−h because
[v00 , vih]
−i−h = [v−i0 , v0−ih]
−h = [v−i0 , v0h]
−h = [v−i−h, v00 ].
We claim that v−i−h is the only vertex v
j
l
such that vi
h
∼ vj
l
. Let us take g1 ∈  such that [v00 , vih]g1 =[vjl , v00 ] and g2= −i−h.
Then g−12 g1 ∈ v00 and v
−i
−h
g−12 g1 = vk
l
. Since vi
H
for i ∈ Zp are pointwise ﬁxed by v00 , necessarily v
−i
−h = vjl .
Similarly vi
r+H ∼ v−i−−i r+H because
[v00 , vir+h]
−i−i r−h = [v−i−−i r−h, v00 ]
for any h ∈ H and the subgroup 〈pk−1 〉 acts transitively on vi
r+H . Moreover, the vertices in v
−i
−−i r+H are the only vertices v
j
l
such that vi
r+h ∼ vjl for h ∈ H , because the sets v−i−−i r+H are blocks of imprimitivity of v00 . 
Now let us work out some necessary conditions for a tournament T (pk, p, ) such that Aut T (pk, p, )= and such that 
is a spanning subdigraph of T (pk, p, ).
Let us deﬁne the digraph T as the metacirculant digraph with vertex set V and arc set from v00 containing
(1) [v00 , v0h] or [v00 , v0−h], for every h= spk−1 ∈ H such that 1s p−12 , and
(2) [v00 , vih] or [v00 , v−i−h], for every 1 i p−12 and h ∈ H , and
(3) all the arcs [v00 , v0r+H ] or [v00 , v0−r+H ] for every 1r p
k−1−1
2 , and
(4) all the arcs [v00 , vir+H ] or [v00 , v−i−−i r+H ] for every 1 i
p−1
2 and r ∈ Zpk−1\{0}.
It is quite straightforward to check that T is a well-deﬁned metacirculant digraph. We need to verify that pSr = Sr for
0rp − 1, this is easy to see, since we have p = 1+ h′ for h′ ∈ H . And that implies p(r +H)= r +H modpk for any
r ∈ Zpk−1 , and ph= hmodpk for every h ∈ H .
We claim that the Sylow p-subgroup  acts on T .
Proposition 6. Let T be the metacirculant digraph deﬁned as above. Then, Aut T .
Proof. We have thatAut and that  and T have exactly the same set of vertices. So, we consider as an action of on the
vertex set of T , the same action as on the vertex set of . To prove that Aut T we need to verify that  maps arcs of T to
arcs of T.
Clearly, by deﬁnition of metacirculant digraph and Theorem 1, the permutations  and  are automorphisms of T .
Let us consider [vi
j
, vi+r
k
] an arc of T . Since 〈, 〉Aut T , the element
[v00 , vr−i (k−j)] = [vij , vi+rk ]
−i−
−i j
is also an arc of T .
To verify that  maps arcs of T to arcs of T , we will be done if all elements [v00 , vst ] lying in the same orbit of  as
[v00 , vr−i (k−j)] are arcs of T as well.
If t ∈ H , the element [v00 , vst ] is the only element in {[v00 , v]|v ∈ V } lying in the same orbit as [v00 , vst ].
And if t /∈H , then [v00 , vst+H ] contains all the elements of the type {[v00 , v]|v ∈ V } lying in the same orbit as [v00 , vst ]. By
construction of T , either [v00 , vst+H ] is contained in the arc set of T or none of the elements of [v00 , vst+H ] is an arc. 
It is also quite straightforward to prove that T is a tournament.
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Proposition 7. The metacirculant digraph T deﬁned as above is a tournament.
Proof. Let us see that the underlying graph of T is a complete graph.
By Theorem 1, since T is metacirculant, T is vertex-transitive. Necessarily a vertex-transitive digraph is regular.
By construction of T , the degree of the vertex v00 is
pk+1−1
2 , since
p − 1
2
+ p − 1
2
p + pp
k−1 − 1
2
+ p (p − 1)
2
(pk−1 − 1)= p
k+1 − 1
2
.
Then the underlying graph of T will be a complete graph if the arc set of T does not contain two arcs [v00 , vij ], [vij , v00 ], for some
vi
j
∈ V . But since acts on the arc set of T by the previous Proposition 6, [vi
j
, v00 ] is an arc of T if and only if [v00 , vrs ] is an arc
of T for the vertices vrs related vij .
We distinguish two cases, according as j ∈ H or not.
If j ∈ H , then vrs = v−i−j . But [v00 , vij ] and [v00 , v−i−j ] cannot be elements of the arc set of T at the same time.
And if j /∈H , then vrs ∈ v−i−i j+H and both [v00 , vij ] and [v00 , v
−i
−i j+H ] should be contained in the arc set of T , what is not
possible by deﬁnition of T . 
Before giving the general construction of non-Cayley vertex-transitive tournaments of order, any prime power with exponent
greater than 4, let us give an example of the actual construction of a non-Cayley vertex-transitive tournament of order 34. It is
easy to see that this example can be generalized to any order power of 3 with exponent greater than 4.
4.1. Example. A non-Cayley vertex-transitive tournament of order 81
Let us take p = k = 3 and construct a vertex-transitive tournament of order pk+1 = 34 = 81 vertices that is not a Cayley
digraph.
First, we consider a metacirculant digraph G(pk, p, ) for some  ∈ Z∗
pk
of order p2. In this case, we take  = 4 and we
consider =G(27, 3, 4).
By deﬁnition of  in Proposition 2,  has vertex set
V = {vij |i ∈ Z3, j ∈ Z27}.
Let S0 be the set of elements of the group 〈p〉, i.e., S0 = {1, 10, 19}, and S1 = {0}. Then the arc set A of  is
A= {[vij , vi+rk ]|r ∈ {0, 1}, k ∈ j + 4iSr , }
Let us take H = {spk−1|0sp− 1} = {0, 9, 18}. Then have that S0 = 1+H and we can rewrite the set of inner arcs of  as
{[vi
j
, vi
k
]|k ∈ j +4i +H }. Recall that by Proposition 3, the spanning subdigraph of with all its inner arcs is a line digraph, and
each of its connected components a complete generalized cycle. (See in Fig. 1 how the digraph G(27, 3, 4) can be depicted.)
Let us consider the metacirculant digraph T (27, 3, 4) with exactly the same vertex set as G(27, 3, 4), and
S′0 = {9, {1, 2, 3, 4} +H },
S′1 = Z27\{18},
S′2 = {18}.
Note that since 1 + H ∈ S′0 and 0 ∈ S′1, the digraph  is a subdigraph of the constructed one T (27, 3, 4). See in Fig. 2 a
representation of T (27, 3, 4).
We claim that T (27, 3, 4) is a non-Cayley vertex-transitive tournament.
Theorem 8. The metacirculant T (27, 3, 4) deﬁned as above is a vertex-transitive tournament that is not a Cayley digraph.
Proof. By Proposition 7, the metacirculant T (27, 3, 4) is a tournament and by Proposition 6, the Sylow 3-subgroup of Aut
containing the permutations  and  is also an automorphism group of T (27, 3, 4). We claim that in fact  = Aut T (27, 3, 4).
Since  is not Cayley, the tournament T (27, 3, 4) will be not Cayley as well.
Let us write T = T (27, 3, 4) for short. It is enough to show that the stabilizer (Aut T )
v00
of v00 is contained in . Then,
Aut T = (Aut T )
v00
= and we will be done.
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Fig. 1. G(27, 3, 4).
v
0
H
v
1
H
v
2
H
9
0
0
9
18
0
9
18
v
0
1+H
v
0
2+H
v
0
3+H
v
0
4+H
v
0
5+H
v
0
6+H
v
0
7+H
v
0
8+H
v
1
4+H
v
1
v
1
3+H
v
1
7+H
v
1
2+H
v
1
6+H
v
1
1+H
v
1
5+H
v
2
7+H
v
2
5+H
v
2
3+H
v
2
1+H
v
2
8+H
v
2
6+H
v
2
4+H
v
2
2+H
8+H
18
Fig. 2. T (27, 3, 4).
We consider (Aut T )T
+(v00)
v00
the restriction of (Aut T )
v00
on T+(v00). For vij ∈ T+(v00), the set of vertices T+(v00) ∩ T+(vij )
under a permutation of (Aut T )
v00
is mapped onto (eventually) another set of vertices T+(v00)∩T+(vnm) for some vnm ∈ T+(v00).
Let X ⊆ V be a set of vertices. We deﬁne Xi =X ∩ V i for i ∈ Z3.
Now we can observe from T+(v00) ∩ T+(vij ) for vij ∈ T+(v00) the following facts:
• T+(v00) ∩ T+(v09)= T+(v00)\{v09 , v10, v218}. Hence |T+(v00) ∩ T+(v09)| = 36.• For h ∈ H ,
T+(v00) ∩ T+(v01+h)= (T+(v00)0\{v09 , v01+h, v01+h+18}) ∪ (T+(v00)1\{v11+h+18}).
106 S.P. Mansilla /Discrete Mathematics 288 (2004) 99–111
Hence |T+(v00) ∩ T+(v01+h)| = 10+ 25= 35.
• |T+(v00) ∩ T+(v02+h)| = 7+ 25= 32.
• |T+(v00) ∩ T+(v03+h)| = 4+ 25= 29.
• |T+(v00) ∩ T+(v04+h)| = 1+ 25= 26.
• T+(v00) ∩ T+(v10)= T+(v10)1. Hence |T+(v00) ∩ T+(v10)| = 13.
• T+(v00) ∩ T+(v19)= (T+(v19)1\{v118}) ∪ {v218}. Hence |T+(v00) ∩ T+(v19)| = 13.• For h ∈ H and i ∈ Z9\{0},
T+(v00) ∩ T+(v1i+h) ⊆ T+(v1i+h)1 ∪ {v218, v0i+h+18}
and
T+(v00) ∩ T+(v1i+h) ⊇ (T+(v1i+h)1\{v118}) ∪ {v218}.
Hence 13 |T+(v00) ∩ T+(v1i+h)|15.
• T+(v00) ∩ T+(v218)= (T+(v00)0\{v09}) ∪ {v19}. Hence |T+(v00) ∩ T+(v218)| = 13.
From this, we conclude that v09 is a ﬁxed point and that v
0
i+H for 0 i4 are blocks of imprimitivity of (Aut T )v00 . Then, all
v0
i+H for i ∈ Z9 are blocks of imprimitivity of (Aut T )v00 , and so, V
0 is a block of imprimitivity of (Aut T )
v00
. Moreover, v0
H
is pointwise ﬁxed by (Aut T )
v00
.
This implies that the vertex v218 is a ﬁxed point of (Aut T )v00 as well, because it is adjacent to 12 vertices in V
0
, and a vertex
in T+(v00)1 is adjacent to at most one vertex in V 0.
It follows then that v10 is a ﬁxed point of (Aut T )v00 , because it is the only vertex in T
+(v00)1 not adjacent to v218.
And using the same reasoning as for v00 and V
0
, if v10 and v
2
18 are ﬁxed points of (Aut T )v00 , all v
1
i+H and v2i+H for i ∈ Z9
are blocks of imprimitivity of (Aut T )
v00
, and both v1
H
and v2
H
are pointwise ﬁxed by (Aut T )
v00
.
Finally, we have that all permutations of (Aut T )
v00
ﬁx all vertices vi
h
for i ∈ Z3 and h ∈ H , and that v11+H is a block of
imprimitivity of (Aut T )
v00
as well as any other vi
r+H , i ∈ Z3, r ∈ Z9. Thus, (Aut T )v00 . 
4.2. General case. Non-Cayley vertex-transitive tournaments of order pk+1
We are now ready to give the general construction of non-Cayley vertex-transitive tournaments of prime power order with
exponent greater than 4.
Let p = 2 be a prime number and k3. Let us take  ∈ Z∗
pk
of order p2 and deﬁne H = {spk−1|0sp − 1}.
We consider the metacirculant digraph T (pk, p, ) with vertex set
V = {vij |i ∈ Zp, j ∈ Zpk }
and arc set
A= {[vij , vi+rh ]|0rp − 1, h ∈ j + iS′r },
where
S′0 =
{
pk−1, . . . , p−12 pk−1,
{
1, . . . , p
k−1−1
2
}
+H
}
,
S′1 = Zpk\{(p − 1)pk−1},
S′p−1 = {(p − 1)pk−1}
and, when p5,
S′2 = · · · = S′p−1
2
= Zpk ,
S′p+1
2
= · · · = S′p−2 = ∅.
Theorem 9. The metacirculant digraph T (pk, p, ) is a vertex-transitive tournament that is not a Cayley digraph.
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Proof. LetT=T (pk, p, ). ByProposition 7,T is a tournament and byProposition 6, the Sylow3-subgroupofAutG(pk, p, )
containing the permutations  and  is also an automorphism group of T . We claim that in fact=Aut T . Since  is not Cayley,
the tournament T will be not Cayley as well.
The heart of the proof is to show that the stabilizer (Aut T )
v00
of v00 is contained in . Then, Aut T = (Aut T )v00=.
We divide the proof into four steps or claims.
Claim 10. V 0 is a block of imprimitivity of (Aut T )
v00
.
Let us consider the sets T+(v00) ∩ T+(vij ) for vij ∈ T+(v00). It is enough to show that, given two vertices v0j ∈ T+(v00)0 and
vmn ∈ T+(v00)− T+(v00)0, the following inequality holds:
|T+(v00) ∩ T+(v0j )|> |T+(v00) ∩ T+(vmn )|. (1)
First, let us note that for v0
j
∈ T+(v00)0, we have
T+(v00) ∩ T+(v0j ) ⊇ T+(v00)\{T+(v00)0, v1j+(p−1)pk−1 , v
p−1
(p−1)pk−1 }
and so,
|T+(v00) ∩ T+(v0j )|
pk+1 − 1
2
− p
k − 1
2
− 2
And for vmn ∈ T+(v00)\T+(v00)0, we need to distinguish different cases:
Case p = 3.
• If m= 1, then v1n is adjacent to at most |S′0| vertices of T+(v00) in V 1 and to at most 1 in V 0 and V 2, since
T+(v00) ∩ T+(v1n) ⊆ T+(v1n)1 ∪ T+(v00)2 ∪ T+(v1n)0.
Hence
|T+(v00) ∩ T+(v1n)| |S′0| + 2=
3k + 3
2
• And if m= 2, then vmn = v22·3k−1 . The vertex v22·3k−1 is adjacent to at most |S′0| vertices of T+(v00) in V 0 and to at most 1 in
V 1, since
T+(v00) ∩ T+(v22·3k−1) ⊆ T+(v00)0 ∪ T+(v22·3k−1)1.
Hence
|T+(v00) ∩ T+(v22·3k−1)|
3k + 1
2
.
Case p> 3.
• If m = p−12 , p − 1 then
T+(v00) ∩ T+(vmn ) ⊆ T+(vmn )\{T+(vmn )m+
p−1
2 −i+1, 1 im}.
Hence
|T+(v00) ∩ T+(vmn )|
pk+1 − 1
2
−mpk.
• If m= p−12 then
T+(v00) ∩ T+(v
p−1
2
n )
⊆ T+(v
p−1
2
n )\
{
T+(v
p−1
2
n )
i ,
p + 1
2
 ip − 1
}
∪ T+(v00)p−1.
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Hence
|T+(v00) ∩ T+(v
p−1
2
n )| p
k+1 − 1
2
− p − 1
2
pk.
• If m= p − 1 then vmn = vp−1(p−1)pk−1 , and we have
T+(v00) ∩ T+(vp−1(p−1)pk−1)
⊆ T+(vp−1
(p−1)pk−1)\{T+(v
p−1
(p−1)pk−1)
p−1, T+(vp−1
(p−1)pk−1)
0} ∪ T+(v00)0.
Hence
|T+(v00) ∩ T+(vp−1(p−1)pk−1)|
pk+1 − 1
2
− pk + 1.
And now it is just a calculation to verify that Inequality 1 holds. 
Claim 11. v0
H
is pointwise ﬁxed by (Aut T )
v00
and all v0
r+H for r ∈ Zpk−1 are blocks of imprimitivity of (Aut T )v00 .
From v0
j
∈ T+(v00)0, we can observe:
• For 1s p−12 ,
T+(v00) ∩ T+(v0spk−1)
= T+(v00)\{{v0rpk−1 |1rs}, v1(s−1)pk−1 , v
p−1
(p−1)pk−1 }.
In particular, |T+(v00) ∩ T+(v0spk−1)| =
pk+1−1
2 − s − 2.
• For 1r pk−1−12 and h ∈ H ,
T+(v00) ∩ T+(v0r+h)
= T+(v00)0\
{
{v0
spk−1 |1s
p − 1
2
}, v0{1,...,r}+H
}
∪
{
v0
r+h+spk−1 |1s
p − 1
2
}
∪ T+(v00)\{T+(v00)0, v1r+h+(p−1)pk−1 , v
p−1
(p−1)pk−1 }.
Hence |T+(v00) ∩ T+(v0r+h)| = p
k+1−1
2 − rp − 2.
Then it follows that the vertices v0
spk−1 for 1s
p−1
2 are ﬁxed points of (Aut T )v00 , and that the sets v
0
r+H for 1r
pk−1−1
2
are blocks of imprimitivity of (Aut T )
v00
. Furthermore, if all vertices in F = {v0
spk−1 |0s
p−1
2 } are ﬁxed points (Aut T )v00 ,
all vertices in v0
h
, h ∈ H , must be ﬁxed points of (Aut T )
v00
too, because the intersections T+(v0
h
)0 ∩ T+(v00)0 ∩ F are all
different. Therefore, v0
H
is pointwise ﬁxed by (Aut T )
v00
and all v0
r+H for r ∈ Zpk−1 are blocks of imprimitivity of (Aut T )v00 .
Claim 12. vp−1
H
is pointwise ﬁxed by (Aut T )
v00
.
Let us distinguish three cases for vmn ∈ T+(v00)\T+(v00)0.
• If m= 1, then |T+(v00)0 ∩ T+(v1n)|1.
• If m = 1, p − 1, we have that T+(v00)0 ∩ T+(vmn )= ∅.
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• And if m= p − 1, the vertex vp−1
(p−1)pk−1 is adjacent to |S′0| vertices in T+(v00)0 (or |S′0| − 1 when p = 3), since:
T+(vp−1
(p−1)pk−1)
0 = {v0k |k ∈ (p − 1)pk−1 + S′1} = {v0k |k ∈ Zpk\{(2p − 2)pk−1}}
Thus, the vertex vp−1
(p−1)pk−1 is a ﬁxed point of (Aut T )v00 and reasoning as above, v
p−1
H
must be pointwise ﬁxed by (Aut T )
v00
.
Claim 13. vi
H
for i ∈ Zp\{0, p − 1} are pointwise ﬁxed by (Aut T )v00 .
Case p= 3: The vertex v10 is a ﬁxed point of (Aut T )v00 because it is the only vertex in T
+(v00)1 that is not adjacent to v22·3k−1
and we have just proved that vertex v22·3k−1 is already ﬁxed by T+(v00)1.
Since v10 ∈ v1H is ﬁxed by T+(v00)1, the block v1H must be pointwise ﬁxed by (Aut T )v00 .
Case p> 3: Let us consider v1n ∈ T+(v00)1. If n ∈ H , then T+(v00)0 ∩ T+(v1n) ⊂ v0H and T+(v00)0 ∩ T+(v1n) ∩ v0H = ∅
otherwise.
Furthermore T+(v00)0 ∩ T+(v1n) ∩ v0H = ∅, only when n= spk−1 for 2s p+12 . In this case
T+(v00)0 ∩ T+(v1n)= v0n+(p−1)pk−1 = v0(s−1)pk−1
and in particular, the intersection T+(v00)0 ∩ T+(v1n) is a different vertex of v0H for every n.
Recall that all vertices in v0
H
are ﬁxed by (Aut T )
v00
. Thus, all vertices v1
spk−1 for 2s
p+1
2 are ﬁxed points of (Aut T )v00
and therefore v1
H
is pointwise ﬁxed of (Aut T )
v00
.
The same reasoning applies to the vertices vmn ∈ T+(v00), m /∈ {0, 1, p− 1} and the intersections T+(vmn )∩ T+(v00)1, and it
will follow that all vertices in v2
H
are ﬁxed by (Aut T )
v00
. And then for vmn ∈ T+(v00), m /∈ {0, 1, 2, p− 1} and the intersections
T+(vmn ) ∩ T+(v00)2 and so forth. 
Finally, we have that all permutations of (Aut T )
v00
ﬁx all vertices vi
h
for i ∈ Zp and h ∈ H , and that v11+H is a block of
imprimitivity of (Aut T )
v00
as well as any other vi
r+H , i ∈ Zp, r ∈ Zpk−1 . Thus, (Aut T )v00 . 
5. New non-Cayley vertex-transitive tournaments from old
There is a classic construction due to R. Paley that yields an important inﬁnite class of ordinary tournaments, called Paley
tournaments.
If q is a prime power congruent to 3mod 4, the Paley tournament or quadratic residue tournament P(q) has vertex setGF(q),
with an arc [r, s] whenever s − r is a non-zero square.
In this section, we will deﬁne new families of non-Cayley vertex-transitive tournaments from old ones, using lexicographic
products of Paley tournaments.
In particular, the following theorem holds:
Theorem 14. Let m be an odd positive integer. Let us write
m= pl11 · · ·plrr
for primes 2<p1< · · ·<pr and positive integers l1, . . . , lr .
If there exists an index i, 1 ir , such that
• li4 and
• pj ≡ 3mod 4 for every 1jr, i = j
then there is a tournament of order m that is vertex-transitive and is not a Cayley digraph.
Proof. By induction on r . If r = 1 then l14 and by Theorem 9 there exists a non-Cayley vertex-transitive tournament of
order m.
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Suppose r2. Let us take j ∈ {1, . . . , r}, j = i. Let q = plj
j
.
By induction, we can suppose that there exists a vertex-transitive tournament T of order mq that is not a Cayley digraph.
We distinguish two cases, depending on the parity of lj .
Case lj odd: Let us deﬁne T ∗ = P(q)[T ] the lexicographic product of P(q) and T , that is, the digraph such that:
V = V (T ∗)= V (T )q = {vr |r ∈ GF(q), v ∈ V (T )},
A= A(T ∗)=
{
[ur , vs ]
∣∣∣∣ s − r is a non-zero square of GF(q), orr = s and [u, v] ∈ A(T )
}
.
It is just a veriﬁcation to see that T ∗ is a tournament.
We claim that Aut (T ∗) has blocks of imprimitivity V r = {vr |v ∈ V (T )}, for r ∈ GF(q).
Let us consider [ur , vs ] an arc of T ∗. If r = s then [ur , vs ] is contained in at most m/q−12 directed triangles [ur , vr , wt , ur ],
where wt ∈ V and [vr , wt ], [wt , ur ] ∈ A. That is because t − r and r − t cannot be both non-zero squares, and so r = t .
If r = s, we can see that [ur , vs ] is contained in exactly q+14 mq directed triangles. Let [ur , vs, wt , ur ] be a triangle of T ∗ that
contains [ur , vs ]. Then s − r, t − s, r − t must be non-zero squares of GF(q). Hence r − t =−(s − r)− (t − s) is a non-zero
square that is the sum of two non-zero non-squares of GF(q). There are q+14 such t in GF(q).
Since an arc is contained in different number of triangles depending on whether its vertices pertain to the same V r or not,
then V r , for r ∈ GF(q), are blocks of imprimitivity of Aut (T ∗).
If T ∗ is a Cayley tournament, then Aut (T ∗) contains a regular subgroup, but then Aut (T ) must contain a regular subgroup
as well, and that contradicts that T is a not Cayley digraph.
Case lj even: Let us deﬁne T ∗ = (P (plj−1j )[P(pj )])[T ] the tournament with vertex set
V = V (T )q = {v(r,m)|r ∈ GF(plj−1
j
),m ∈ GF(pj ), v ∈ V (T )}
and set of arcs containing all pairs of vertices [u(r,m), v(s,n)] such that
s − r is a non-zero square of GF(plj−1
j
), or
r = s and n−m is a non-zero square of GF(pj ), or
r = s, n=m and [u, v] ∈ A(T ).
Similarly as above, we claim that Aut (T ∗) has blocks of imprimitivity
V (r,m) = {v(r,m)|v ∈ V (T )},
for r ∈ GF(plj−1
j
) and m ∈ GF(pj ), and therefore T ∗ is not Cayley.
Let us consider [u(r,m), v(s,n)] an arc of T ∗. Depending on whether its vertices pertain to the same V (r,m) or not, the arc will
be contained in a number of triangles or other:
• If r = s and m= n, there are at most (mq − 1)/2 triangles containing it,
• if r = s and m = n, there are exactly pj+14 mq triangles containing it, or
• if r = s, therewill be exactly p
lj−1
j +1
4 pj
m
q triangles containing it. HenceV
(r,m) is a partition ofV into blocks of imprimitivity
of Aut (T ∗). 
Finally, let us note that if we have a non-Cayley vertex-transitive tournament of order s, we can use the construction above
and obtain new non-Cayley vertex-transitive tournaments of order rs, for any r product of primes congruent to 3mod 4.
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